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The orthogonal eigenmodes are well-defined solutions of
Hermitian equations describing many physical situations
from quantum mechanics to acoustics. However, a large vari-
ety of non-Hermitian problems, including gravitational waves
close to black holes or leaky electromagnetic cavities, require
the use of a bi-orthogonal eigenbasis with consequences chal-
lenging our physical understanding’“. The need to compen-
sate for energy losses made the few successful attempts® to
experimentally probe non-Hermiticity extremely complicated.
We overcome this problem by considering localized plasmonic
systems. As the non-Hermiticity in these systems does not
stem from temporal invariance breaking but from spatial sym-
metry breaking, its consequences can be observed more eas-
ily. We report on the theoretical and experimental evidence
for non-Hermiticity-induced strong coupling between surface
plasmon modes of different orders within silver nanodaggers.
The symmetry conditions for triggering this counter-intuitive
self-hybridization phenomenon are provided. Similar observ-
able effects are expected to exist in any system exhibiting
bi-orthogonal eigenmodes.

In any situation described by a Hermitian equation (such as
mechanics, acoustics, quantum mechanics and electromagne-
tism), the usual approach in linear physics is to apply the concept
of eigenmodes. Examples are endless: the vibrations of a guitar
string are best understood as a superposition of the string eigen-
modes and the properties of an atom can be simply deduced from
its orbitals’ properties. It is thus tempting to adapt this concept to
systems in which eigenmodes are harder to define, namely for non-
Hermitian systems.

One class of non-Hermitian systems consists of open systems that
span a wide range of physical situations, from gravity waves close to
black holes to lasers cavities or propagating surface plasmons’ 2. In
those cases, quasi-normal modes (QNMs) are specially constructed
so that time-reversal symmetry breaking does not prevent the estab-
lishment of a complete basis, especially when parity-time symme-
try is preserved. Another class is represented by localized surface
plasmons (LSPs). In this case, the structure of the constituting equa-
tion is non-symmetric.

In the two cases, a bi-orthogonal rather than orthogonal basis
must be used. A full quantum theory of bi-orthogonal modes has
been developed'”. Bi-orthogonality has a few famous and exciting
consequences, including the existence of ‘exceptional points’ where
both the energy and wavefunctions coalesce>*~". Exceptional
points are usually associated with the apparition of non-trivial
physical effects, such as asymmetric mode switching'’. Such
effects have only very recently been studied experimentally®”*'¢

because manipulating QNMs in open systems requires to exactly
balance dissipation®'”. Surprisingly, using LSPs to explore non-
Hermitian physics has not been reported, although dissipa-
tion balancing is not required in this case. Moreover, describing
LSP physics with bi-orthogonal modes has mostly been seen as
an extra mathematical annoyance'® that does not violate our com-
mon understanding.

Here, we show that non-Hermitian physics can be investigated
theoretically and experimentally with LSPs. We show that both the
surface plasmon equation’s kernel symmetry and the overall sys-
tem symmetry have to be tuned towards revealing bi-orthogonality
signatures. As a direct and counter-intuitive consequence of non-
Hermiticity, we predict and observe experimentally in the case of
silver nanodaggers the coupling of two bi-orthogonal modes of dif-
ferent orders within a single plasmonic particle (self-hybridization).
Defining the relevant free energy, we then draw an analogy between
plasmons and other non-Hermitian systems. Given the easily tunable
parameters, we conclude that LSPs constitute an excellent platform
for probing non-Hermitian physics.

Within the quasi-staticlimit, it has been shown'’ that the plasmon
modes are bi-orthogonal solutions of a Fredholm non-Hermitian
eigenvalue problem that reads:

(T | F=2,,(t,, |,
n(r)- (r-r') M
F(l‘, 1‘/) = —ﬁ where I',I'/ eS
r—r

where n(r) is the outgoing normal to surface S at r, F is the nor-
mal derivative of the Coulomb kernel, the right eigenvectors
{| 0,,)} can be identified as surface charge densities, the left eigen-
vectors {(z,, |} are surface dipole densities projected along n and
the eigenvalues {,} are dimensionless quantities associated with
each pair of left-right eigenvectors. Hence, in contrast to systems
recently considered”**-*’, non-Hermiticity arises from the non-
symmetry of F, which is always real. Solutions of equation (1) can
be computed with the boundary element method (BEM)'®*-".
The integer m indexes the modes by increasing values of 4,,. In
the following, for the sake of simplicity, we will indifferently dis-
cuss the geometrical eigenvalues {4,,}, which are real” or the plas-
mon eigenenergies {w,} assuming a one-to-one correspondence
between the two spaces {1,,} < {w,}.

There are fundamentally two types of symmetry involved in
a plasmonic eigenproblem. The first one is the kernel symme-
try (F-symmetry) that controls the structure of the vector space
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solution and thus the (bi-)orthogonality of the plasmon modes. It
can be shown that F-symmetric surface configurations (FT=F) sat-
isfy (see Supplementary Information):

(n(r) +n(r)) - (r—r) =0 2

where n(r) is the normal vector in r. The second is the surface
symmetry (S-symmetry); that is, the invariance of the surface
charge or dipole distributions under any geometrical transforma-
tion, which may lead to additional properties of the plasmons. As
a practical example, in Fig. 1a, we present ¢ and 7 corresponding to
the first two eigenmodes of an F-symmetric surface (sphere) and
an F-asymmetric surface (torus). For the sphere, the solutions are
orthogonal and thus the left and right eigenvectors are identical
while, in the case of the torus, the solutions are bi-orthogonal and
the corresponding left and right eigenvectors are strikingly different.
In Fig. 1b, we show four F-symmetric configurations A-D. One
can immediately deduce that a sphere (C), a cylinder (A, Band C), a
cuboid® (A, Band D) or a disc (C and D) are F-symmetric. Similarly,
in Fig. 1c, the cross and the dagger (see inset) are F-asymmetric.
Counter-intuitively, when a surface is F-asymmetric, two right
(or left) eigenvectors of different orders may have a non-zero spatial
overlap. The consequent interaction should increase with increasing
overlap; therefore, one could formulate the following ansatz:

QT , (3)

where £,, is the so-called classical Rabi energy of the
two interacting modes #n and m. The overlap matrix
Tpn={t | 7,){0,, | 6,) + {0, | 5,,)(7,, | 7,,) thus constitutes a fun-
damental quantity to consider in the study of bi-orthogonal systems.

We must emphasize that the resulting self-hybridization medi-
ated by the eigencharges coupling we consider here is fundamentally
different from the coupling in orthogonal systems mediated by the
fields. In Fig. 1d, we plot the absolute value of T,,, between the first
ten eigenmodes of a sphere, a torus, a cross and a dagger. Indeed, all
of the eigenvectors are determined up to an e”” phase. Consequently
T,,. can indifferently take two values +T,, ,. To remove this uncer-
tainty and to increase the dynamics of the colour scale, we plot
the absolute value of the overlap matrix. With the sphere being
F-symmetric, T,,,=96,,, as expected. The torus is F-asymmetric but
T,,. is diagonal as a consequence of its strong S-symmetry (rota-
tional invariance). Consequently, although F-asymmetric, the torus
behaves essentially like an orthogonal system, with the only differ-
ence being the absence of normalization of the elements on the diag-
onal. Cross and dagger are two F-asymmetric structures that display
weaker S-symmetry than the torus (see inset Fig. 1c). The cross
is still centro-symmetric, which imposes a null overlap between
modes of different parity; that is, (s, | 6,) =(7,, | 7,) =0 if n+mis
odd, resulting in the appearance of a checkerboard-like matrix. A
comprehensive experimental and numerical study of the plasmonic
cross system away from the hybridization point is developed in ref. .
By shifting one arm of the cross, we break the centro-symmetry and
the last relation does not hold anymore. Consequently, the dagger
overlap matrix has most of its off-diagonal elements with non-null
values (see Supplementary Information). Therefore, when the sur-
face is F-asymmetric, the S-symmetry is the parameter controlling
the overlap between modes of different orders.

For the sake of the demonstration, we first consider 400nm X L
silver crosses with a 40 x40 nm square cross-section. The length L,
which will be shown to be the relevant detuning parameter, is var-
ied from 75nm to 170 nm. The effect of the variation of L on the
eigenquantities can be modelled using first-order perturbation
theory. This approximation is formally derived for bi-orthogonal
systems in ref. * and has been introduced for the BEM*. Within
this approximation, one can treat a small geometrical deformation
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Fig. 1| Symmetry-driven bi-orthogonality in LSP systems. a, The first two
left and right eigenvectors of F-symmetric (sphere) and F-asymmetric
(torus) surfaces. b, Geometrical configurations of two normal vectors
located on the surface leading to a symmetric contribution to the kernel.
¢, Example of an asymmetric configuration corresponding, for example,

to a cross or a dagger particle. d, Overlap matrix between the first ten
eigenmodes of a sphere, a torus, a cross and a dagger. Calculations have
been performed according with the BEM method (see Methods and
Supplementary Information).

of the particle as a perturbation of the kernel F— F+ §F, leading to
a shift in the eigenvalues 1” — 2+ 1) but not to modification
of the eigenvectors. This was elegantly used to analyse mode evolu-
tion when morphing a nanotriangle into a nanodisc?. Within the
perturbation theory, when two modes spectrally overlap, one has
to take into account the possible hybridization between them® by
diagonalizing the typical Rabi-like matrix:

ol T G
| c 20450 @

n,m

Using the convention of refs**=*, we call diabatic the eigenvec-
tors of the unperturbed basis {5\*, 7"} in which M is expressed
in equation (4), and adiabatic the eigenvectors of the hybridized
basis {s, .7, ,} in which M is diagonal. Equation (4) is similar to
the linear combination of atomic orbital theory®' that describes
the hybridization between orbitals belonging to different systems.
Therefore, it can efficiently model dimer-like coupling where the
two hybridized modes belong to two different and independent
surfaces that can be either two monomers*® or two independent
sub-surfaces of a large monomer®. In contrast, the self-hybrid-
ization process we introduce here is counter-intuitive, as it takes
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Fig. 2 | Self-hybridization principle. a, Schematic representation of an EELS experiment on a cross. b, Simulated EEL spectra taken at the position of the
electron beam indicated in a as a function of L. ¢, Simulated right eigenvectors corresponding to modes 3 and 4 at (L=110nm) and after (L=160nm) the
crossing point. d, Schematic representation of an EELS experiment on the dagger. e, Simulated EELS spectra taken at the red position of the electron beam
indicated in d as a function of L. f, Simulated EEL spectra taken at the blue position of the electron beam indicated in d as a function of L. g, Hybridized
eigenvectors calculated at the anti-crossing point using first-order perturbation theory. h, Hybridized eigenvectors calculated at the anti-crossing point

using the exact BEM.

place within a single surface and would be comparable, for exam-
ple, to the hybridization between s and p orbitals within a single
atom, and not between two atoms.

When the two modes are perfectly degenerated (4,,=4,), one can
show that the mixing term reads (see Supplementary Information):

C

n,m

=0, 1 6F | 0,)) =T, (5)

Thus, one can immediately see that self-hybridization is possible
only when T, ,#0; that is, when the system is bi-orthogonal. In
other words, the surface defining the diabatic modes needs to be
F-asymmetric while the F-symmetry of the perturbative kernel 6F
can be arbitrary. The mixing term C,,, can be mapped in energy
space to the classical Rabi energy £2, ,,, which justifies equation (3).
Measuring the energy splitting at maximum coupling gives £, ,
and therefore a measurement of the degree of bi-orthogonality of
a system.

We also note that it has been proposed® phenomenologically
that harmonic plasmonic modes within single nanorods could
hybridize. However, the one-dimensional confinement along the
long axis of the ellipsis induces a hierarchical (harmonic) quantifi-
cation of surface plasmon energies that prevents modes of different
orders from having degenerate eigenvalues even for F-asymmetric
nanorods, probably explaining the weakness of the observed effect.
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Electron energy-loss spectroscopy (EELS) is a spectroscopy ide-
ally suited for nanoplasmonics” (see Methods). In Fig. 2a,b, we cal-
culate EELS spectra of as a function of L for a nanocross. When L
is small, the cross eigenmodes have the same spatial profile as the
well-known rod eigenmodes™, with eigenvectors | ¢,) displaying
periodic profiles with n nodes (Fig. 2c). With increasing L, the odd
modes, having no charge at the centre, remain almost unchanged
while the even modes redshift. Consequently, for particular val-
ues of L, modes of different parity can spectrally overlap, justifying
the use of L as a detuning parameter. As shown in Fig. 2b, when
L=110nm, modes 3 and 4 spectrally overlap. However, although the
cross is F-asymmetric, no sign of self-hybridization appears as the
corresponding eigenvectors keep the same spatial profile at and after
the crossing point (see Fig. 2c). To enable self-hybridization, the
(S-)centro-symmetry of the cross needs to be broken, for example
by producing a dagger by shifting an arm (Fig. 2d). The position
of the small arm of the dagger is chosen to correspond to a maxi-
mum of mode 3 and a node of mode 2, so that the energy of the
mode 3 (respectively 2) should largely disperse (non-disperse) with
L and make energy degeneracy possible. In Fig. 2e,f, we calculate
the EELS spectra as a function of L at two positions of the beam
where modes 2 and 3 are efficiently detected. The spectra display
a strong anti-crossing behaviour. To validate our earlier interpreta-
tion, we calculate the adiabatic (hybridized) modes o* both using the
first-order perturbation theory and the exact BEM in Fig. 2g,h at the
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Fig. 3 | Experimental observation of self-hybridization in nanodaggers. a, Experimental EELS spectra for different arm lengths zoomed on the mode 2 and

3 energy regions. (a.u., arbitrary units.) EELS spectra have been extracted from full spectral images, deconvoluted following prescriptions in refs *** and
summed on the regions of interest indicated on the right high-angle annular dark-field (HAADF) images by the corresponding colours (see Methods). Scale
bar, 200 nm. The regions have been chosen for isolating as much as possible the spectral signature of each mode. Note the colouring swap due to symmetry
exchange at the anti-crossing point. Corresponding raw data are presented in the Supplementary Information. b, Experimental and simulated energy of the
modes in a as a function of the arm length L. Experimental energies have been deduced by Gaussian fit (see Methods). Note the shift of the energy axis
between experiment and theory related to the absence of substrate in the simulations?. ¢,d, EELS filtered maps measured at energies corresponding to an
uncoupled case for L=100nm. e f, EELS fitted maps for the coupled case at L =250 nm. A full set of EELS maps is given in the Supplementary Information.

crossing point (L =165nm) where the adiabatic modes are known to
be equal mixtures of diabatic modes ¢* =0, + 6;. The two results are
in remarkably good agreement, proving that the perturbation theory
gives a realistic picture of the self-hybridization physics.

One can highlight the exotic profile of the hybrid modes. In par-
ticular, the mode o6~ strongly confines charges at one tip, leading
to a so-called hotspot configuration that is of particular interest in
a wide range of applications. Self-hybridization thus constitutes a
very attractive procedure for designing specific plasmonic states.

Q,,,1s predicted to be sufficiently large to be measured. We there-
fore lithographed a series of silver daggers with increasing L and
measured the energy and spatial distribution of modes 2 and 3 using
spatially resolved EELS* (see Methods).

We report in Fig. 3a the characteristic spectra extracted from
spectral images (see Methods) acquired on a series of daggers with
varying arm length L. Figure 3b summarizes the behaviour of the
energies of the plasmon peak maxima as a function of L. One can
see that we reproduce the anti-crossing behaviour calculated in
Fig. 2. The lower (¢7) and upper (o) branches are separated by a
coupling constant £2,,,~84meV, a remarkably high value consid-
ering that the studied structures are lithographed polycrystalline
particles. In Fig. 3¢, we report the EELS maps measured at the reso-
nance energies for two different values of L (see Methods). When
L=100nm, the two modes display the spatial signature of the dia-
batic modes o, and o,, showing that the two plasmons modes are not
coupled. At L=250nm, the coupling regime is clearly established as
the two adiabatic plasmon modes display the characteristic spatial
distributions expected from Fig. 2h. In the Supplementary
Information, we also present the full set of EELS maps together with
the simulated charge densities, showing the symmetry exchange
expected for self-hybridization away from the anti-crossing point.

We will conclude by connecting the present work to analogous
effects encountered in other non-Hermitian domains of physics.
Non-Hermiticity has been observed in a wide range of systems (for
example, leaky electromagnetic cavities’', acoustic cavities® or elec-
tronic resonators’, to name a few). Moreover, non-Hermitian effects
have also been considered in (propagating) plasmonic systems'>'°.
In these systems, non-Hermiticity arises from broken time-reversal
symmetry. The situation is different for LSPs. Indeed, for a given sur-
face S, one can define a plasmonic energy functional Z, which is the
total surface charge-dipole interaction energy (see Supplementary
Information), as:

1 F'+F

an JSsxs

ds ds’

1

(6)

The surfaces that respect 5Z|g = 0 are F-symmetric. Bi-orthogonality
arises for surfaces for which §Z|g # 0. While the time-reversal sym-
metry controls the hermiticity of parity-time-symmetric systems,
the physical origin of the plasmonic bi-orthogonality is the violation
of a variational principle.

Although singular, one can retrieve well-known features of
other non-Hermitian systems in LSP physics, as summarized in
Table 1. Indeed, as described in greater detail in the Supplementary
Information, LSP modesare canonical examples of QNMs. Therefore,
LSPs are analogous to parity-time-symmetric systems*, which have
been intensively investigated, particularly in optics*-*>. Moreover,
the skewness of the vector space in LSP problems is measured by the
overlap matrix, which is similar to the Petermann factor* encoun-
tered in open quantum systems. The self-hybridization phenom-
enon investigated in this paper is a strong manifestation of the LSPs’
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Table 1| Table summing up the analogous quantities encountered
in an open quantum system and a plasmonic system

Physical quantities Open quantum cavity  Plasmonics

Time dependence Dynamic Static

Kernel Non-Hermitian Non-symmetric
Hamiltonian H Coulomb kernel F

Eigenvalues Complex energies w,, Real geometrical

eigenvalues 4,,

Time-reversal
symmetry of H

Broken invariance F and S spatial

symmetry

Constant characterizing Petermann factor K
the bi-orthogonality

Overlap matrix T,

bi-orthogonality. Several exotic effects arising in non-Hermitian
systems such as power oscillations* or asymmetric propagation®
of light in optical systems should therefore have a counterpart in
LSPs. More generally, we expect all of the features of non-Hermitian
systems to appear in LSP systems, particularly the presence of
exceptional points.
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Methods

Sample preparation. We produced a series of silver nanodaggers with an
increasing arm length by electron-beam lithography on 15-nm-thick Si,N,
substrates.

EELS spectral imaging. An EELS spectrum can be acquired by analysing the
energy lost by a fast electron beam after interaction with a sample of interest.
Electrons were generated in a scanning transmission electron microscope (STEM)
and the EELS analyser consists essentially of a magnetic sector. A typical EELS
spectrum for plasmonic particles consists of a peak at zero energy (the so-called
zero-loss peak (ZLP)) containing all of the electrons not having interacted
inelastically (within the system’s energy resolution) with the sample. It is followed
by a series of peaks at the plasmons energies. In modern STEMs, a nanometric
electron beam can be scanned over the sample of interest, with one spectrum
recorded at each scan step, resulting in a collection of spectra called a spectrum
image. All of the experimental data presented in this paper have been extracted
from such spectrum images. For each pixel, the electron intensity scattered to high
angle (so called high angle annular dark field (HAADF) signal), which is roughly
proportional to the mass under the electron beam, can be measured. At the end of
the scan, an HAADF image can therefore be reconstructed and compared pixel-by-
pixel with the spectra. All presented data were acquired with a VG HB-501 STEM
except the spectrum image used to generate the fitted images in Fig. 3e,f, acquired
on a NION USTEM?200 (see Supplementary Information). Both STEMs are
equipped with a cold field-emission gun operated at 60 or 100kV and fitted with
a home-made EELS detection system. The nominal energy resolution (full-width
at half-maximum of the ZLP) was ~#300 meV. Beam sizes were typically 0.7 and
0.15nm and spectrometer entrance apertures were typically of the same angular
size as the incident beam.

EELS data treatment. EEL spectra were realigned spectrally. For further
inspection, spectra were summed in regions of interest where particular modes
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are dominant to increase signal-to-noise ratio. Maps of the modes can then

be generated by filtering the spectra around the relevant energy. Without
further treatment, the anti-crossing and mode distribution are already visible
(see Supplementary Information). To further increase the precision of the
peak position measurement (see energy diagram in Fig. 3), we performed

EEL spectrum-image deconvolution using a Richardson-Lucy algorithm*
with typically 25 iterations and resulting in a ZLP width of 0.15eV. Spectra in
Fig. 3, corresponding to the sum of typically 100-200 spectra each acquired
over typically 0.1-0.5ms, have been extracted from the corresponding region
of interest. The high signal-to-noise ratio obtained allows for extremely high
fit precision, with standard deviation typically smaller than 5meV for the peak
position (see Supplementary Information). In most cases, filtered maps could
then be generated at energies corresponding to the different modes. In the case
of strong coupling, however, the spectral overlap between two modes resulted
in filtered images with mixed spatial features (see Supplementary Information).
In this case, we generated fitted maps in which each pixel contains the (fitted)
area under the given peak”. This allowed us to unmix the spatial distributions
of both modes. The full set of EELS maps is presented in the Supplementary
Information.

Simulations. All of the simulations except Fig. 3b were carried out using the
MNPBEM toolbox within the quasi-static formulation of the Maxwell equations
and by considering only the first seven eigenmodes of each structure, as higher-
order modes do not sensibly contribute to the spectra in the spectral range of
interest of the paper. The simulations in Fig. 3b were performed using MNPBEM*
in the retarded approximation, enabling a better accuracy in the mode energy
positions with respect to the experiments.

Data availability. The data that support the plots within this paper and other

findings of this study are available from the corresponding author upon
reasonable request.
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